
An Optimization Algorithm for 
Structured Design Systems 

Structured design systems are systems which may be represented by 
generally nonlinear equality and inequality constraints, each of which con- 
tains few of the variables in the system. Assuming the existence of an auto- 
matic capability to derive and modify as needed effective solution proce- 
dures for sets of structured equality constraints, a two-step strategy for opti- 
mizing design systems is presented in the form of two algorithms. An earlier 
paper presented an algorithm for locating a first feasible point, and this 
paper presents a companion algorithm based on the strategy known as re- 
striction to optimize the system once feasible. 

This companion algorithm divides the set of inequality constraints into 
three sets: the set of those currently being held as equality constraints, 
the set currently released but being used as search coordinates, and the 
set of all remaining constraints which are not currently part of the problem. 
Solulion procedures are modified as inequality constraints and are moved 
from one set to another. Added constraints in the set being held tend to 
aid the optimization process by reducing the dimension of search space for 
what is usually a marginal added burden in solving an enlarged set of 
(structured) equations. 

The strategy has proved remarkably effective on three relatively simple 
examples, including a nonlinear 31 constraint, 10 variable alkylation prob- 
lem. 
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The optimization literature abounds with methods for 
solving constrained optimization problems. For linear sys- 
tems with a linear objective function, the simplex algo- 
rithm of linear programming is remarkable in its effective- 
ness at reaching the optimum in very few steps. Typically 
the number of steps, or point evaluations, required is only 
one to two times the number of constraints for the prob- 
lem. 

The solution of nonlinear constrained optimization prob- 
lems is clearly another story however. In the mathematical 
programming literature, many algorithms use local lineari- 
zatiotn and the simplex algorithm to approach the optimum 
of a nonlinear function. Another general approach is to 
recast the problem into an unconstrained problem by ap- 
pending penalty functions which penalize the objective 
function whenever a constraint is about to be or is violated. 
A third approach is for the optimization algorithm itself 
to detect constraint violations and to project the search 
direction back into the feasible region. Several pattern 
search algorithms exist which simply exclude pattern 
points that violate constraints. 

The algorithm proposed here belongs to a class known 

as restriction and uses a quite different approach from any 
of these methods. This particular algorithm is distinct in 
that it assumes the existence of an automatic capability to 
derive solution procedures for structured sets of equations 
such as occur in design problems. One such system is 
GENDER, a set of computer aids for design being devel- 
oped by one of the authors. This capability is assumed to 
be available as the problem solution is being found so the 
equation sets can be automatically modified by additions 
and deletions of constraints. 

Given this capability, the equality constraints for an 
optimization problem are always satisfied. Any inequality 
constraints which would be violated while approaching 
the optimum are included with the equality constraints 
when found and the solution procedure modified. Inequal- 
ity constraints thus reduce the dimension of the search 
space when included as equalities. The effectiveness of 
such an approach is significantly influenced by the nature 
and structure of the equality and inequality constraints 
defining the problem. The essence of the approach is to 
speed the solution of a problem by automatically using 
its particular structure in the development of the solution 
strategy. 

CONCLUSIONS AND SIGNIFICANCE 
The paper presents and illustrates a minimum seeking point and reach the problem optimum was on the order 

algorithm for nonlinear, constrained problems of the type of the number of inequality constraints in the problem. 
encountered in process calculations. The approach proves In particular, a 2 variable, 4 inequality constraint problem 
extremely effective as shown for three relatively simple was optimized in six total steps; a four variable, seven con- 
examples. In each case, the number of problem point eval- straint problem was optimized in seven total steps; and a 
uations or steps to start from an arbitrary infeasible initial ten variable, 28 inequality constraint, three equality con- 
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straint problem was optimized in a total of 23 steps. 
The algorithm stresses repeated modifications to the 

solution procedure with a strategic choice made for the 
problem decision variables as the steps are taken. These 
modifications are equivalent here to reprogramming the 
problem solution. 

The paper also presents the two commonly used meth- 
ods of evaluating Kuhn-Tucker multipliers, stresses their 
physical meaning when one is at an arbitrary point away 
from the problem optimum, and shows how to use them 

to decide which inequality constraints should be binding 
and which released at each step as one proceeds to the 
optimum. The two methods are labeled the constrained 
derivative method and the least squares or projection 
method. The advantages of the former method when one 
uses numerical estimates are made obvious as the multi- 
pliers are readily evaluated and the problem of partitioning 
the constraints becomes trivial. The paper corrects de- 
ficiencies which have appeared in earlier algorithms to 
solve the partitioning problem using the least squares 
method. 

In general, the optimal design of a process system in- 
volves minimizing some objective function subject to both 
equality and inequality constraints. The equality con- 
straints consist of the mathematical representation of the 
processes occurring in the various units of the system, the 
interconnections between units, and the design specifica- 
tions. The inequality constraints represent limitations im- 
posed on such variables as temperature and pressure. 

A mathematical statement of the generalized design 
problem is 

Min F ( x )  (PI )  
xeE" 

subject to 

gi(x) 4 0, i = 1,2, . . ., n1 

i = nI + 1, . . ., nI + nJ gj(x) = 0, 
where the functions F and g are in general nonlinear. 

In a previous paper by the authors (1973), we devel- 
oped an algorithm which automatically finds a feasible 
point, if one exists, for Problem (P l ) .  The algorithm as- 
sumes that the equations are highly structured, that is, the 
equations are sparse and highly precedence orderable. 

Once a feasible point has been obtained, the major task 
of minimizing the objective function F remains. Many dif- 
ferent approaches to solving a constrained optimization 
problem are possible. We shall present a minimum-seeking 
optimization algorithm designed specifically for structured 
design systems. As we shall see later, the algorithm looks 
promising in the examples investigated so far. However, 
additional computational experience with the algorithm 
and variations thereof is needed to gauge the effectiveness 
of the algorithm vis-a-vis its competitors. 

The algorithm employs a type of solution strategy which 
Geoffrion (1970) calls restriction. If at an optimal solution 
the number of tight inequality constraints is nearly as large 
as the degrees of freedom in the problem, as is the case 
for most design systems, restriction is a very useful strategy, 

In the paper we shall first introduce a vector notation 
useful for the presentation of this material. Then, after in- 
troducing slack variables, we shall present the essential 
features of the algorithm adopted for solving (P l ) .  Fol- 
lowing the algorithm will be a more detailed explanation 
of each step in it, and finally we present some examples. 

NOTATION AND THE INTRODUCTION OF SLACK 
VARIABLES 

To facilitate the presentation of the material in this 
paper, we shall adopt a special convention using index sets 
for referring to vector variables. Often we shall need to 
refer to a vector whose elements are a subset of the ele- 

ments of another vector. Illustrating with an example, the 
vector W M  will be a vector of nM components of the vector 
to. M is an index set defined as 

M = {ilwi is a component of w M }  

After defining the index sets 

I = { i ] i = 1 , 2 ,  ..., nI} 

J =  { i I i = n ~ +  1, ..., n ~ + n ~ )  
and 

and also introducing slack variables sI, problem (P l )  can 
be restated in an equivalent form. 

Min F ( x )  (P2) 

g 1 b )  + $1 = 0 

X, s1eEn + n~ 

subject to 

g J ( x )  = 0 
SI h 0  

THE ALGORITHM 

In this section we state the essential features of the 
algorithm, leaving the detailed description to the sections 
following. The algorithm has four major steps. 

I. Locate a first feasible point, x(0 )  to (P l )  or (P2) 
using the algorithm in the companion paper to this (De- 
Brosse and Westerberg, 1973). 

11. Partition index set I into 3 index sets at the current 
point x (0) 

A = { i I g i ( x ( O ) ) < O ,  i c I }  
B = { i l g i ( x ( O ) )  = 0 ,  i e Z ,  and 

C = {i I gi(x(0))  = 0, ~ E I ,  and 

gi (  x (0) ) should be released} 

gi (x (0) ) should remain tight} 

Thus A is the set of n A  indices for all inequality con- 
straints for which x(0)  is an interior point. B is the set 
nB indices for all inequality constraints which are tight 
but should be released, and C is the remaining set of nc 
indices for those constraints which are tight and should 
remain tight. For convenience we shall also define set 
D = B u C, the set of indices for all the tight constraints 
a tx(0) .  

111. Derive a solution procedure for the restricted prob- 
lem 

Min F ( x )  
x, $1 

subject to 

Page 336 March, 1973 AlChE Journal (Vol. 19, No. 2) 



g h )  + SI = 0 

g J ( x )  = 0 (P3) 
SC = o  

IV. Execute the solution procedure derived in step 111, 
obtaining the sequence of points x(O),  x ( l ) ,  . . . x ( k )  
with the property 

F ( x ( p  + 1)) < F ( x ( p )  1, p = 0,1, . . ., k - 1 

until one of the following occurs. 

a. A variable sj, i 4 C, is driven less than zero. 
b. Progress toward a minimum becomes too slow. Prog- 

ress can be measured by a test of the form 

while 
F ( x ( k  - 1 ) )  - F ( x ( k ) )  < €1 

II.(k) - x ( k  - 1)11 > %(& + I I4k ) l J )  
where el, c2 and e3 are appropriately chosen constants. 

c. An apparent minimum has been located for the re- 
stricted problem. 
In c a e  a, transfer index i from either set A or B to 

set C and repeat from step 111. 
In case b, attempt to repartition the index set I by 

repeating step I1 with x ( 0 )  = x ( k ) .  If C is unchanged, 
accept the slow progress and continue to try to locate 
the minimum. 

In case c, repeat step 11 with x (  0 )  = x (  k) . If C is 
unchanged, an apparent minimum has been found to 
( P l )  ; exit. 

PARTITIONING INDEX SET I 

To partition the index set I ,  one can use results sug- 
gested by the Kuhn-Tucker (1951) conditions for a local 
optimum, which can be stated briefly as follows. 

Kuhn-Tucker Conditions: Write the Lagrange function 
for problem (PI ) :  

L ( x ,  A )  = F ( x )  - A T g ( x )  

VXL = VxF - V x g  A = 0 

(1)  

(2) 

Then the Kuhn-Tucker conditions for a minimum are 

(3) 

xi -L 0 (4) 

(It  is possible for a point to be a local solution to prob- 
lem ( P l ) ,  and yet it will not satisfy the Kuhn-Tucker con- 
ditions. Usually one assumes, as we shall do here, that the 
candidate solution points satisfy a constraint qualification 
and, under this qualification, the Kuhn-Tucker conditions 
hold if the point is a local solution. Gould and Tolle 
( 1972) discuss the geometry of constraint qualifications 
and present weaker criteria than the Kuhn-Tucker condi- 
tions for ascertaining if a point is a local optimum.) 

When one is away from the minimum, two common 
and geometrically meaningful options can be used to eval- 
uate the multipliers k, which can then be used for parti- 
tioning set I .  In both cases only conditions (2)  and (3)  
are used. Condition (3)  requires that 

AA = 0 (7) 

thus Equations (2) involve only the nK constraints g K  ( x )  , 
where here K = B u C u J .  (This is not a definition of K 
as the index sets in K will change throughout the remain- 
der of the paper.) 

Constrained Derivatives (CD) : Partition the x variables 
into a set of nK dependent variables y and a set of n - n K  
independent or decision variables z. Choose k K C D  to satisfy 
the following linear equations 

v& = VUF - v & k K C D  = 0 at x = x( 0 )  ( 8 )  

Using the resulting values for one can easily show 
that V,L are the constrained derivatives (Wilde and 
Beightler, 1967) of F with respect to z ,  where the per- 
turbations in y are dependent on the perturbations in z 
through the relationships 

(9) dgK = V&KTdy + V,gKTdz = 0 

must be nonsingular. Note the Jacobian V y g K  = - 
If no matrix of rank nK exists for any choice of dependent 
variables and provided we are not plagued with a con- 
straint qualification problem, one (or more) of the con- 
straints in g K  is redundant at the point x ( 0 )  and must 
be deleted. 

Least Squares (LS) or Projection: Find k to minimize 
the sum of squares norm of V,L, VxLT V,L. This value 
of A satisfies the linear equations [at x = x(O)]  

agKT 
aY 

V & K T (  VxF - v&kKLs) = 0 (10) 

Because A K ~ ~  is a least squares estimate, the resulting 
vector V x L  is the orthogonal projection of VxF onto the 
tangent hyperplane of the constraints g K  = 0 at the point 
x ( 0 )  (Rosen (1960)). Again the coefficient matrix 
V & K T  V z g K  must be nonsingular. 

The sign of the Kuhn- 
Tucker multiplier provides us with the primary tool to 
partition the index set I .  A physical interpretation of hiCD, 
a particular component of k ~ ~ ~ ,  is possible. AjCD is the 
ratio of the change in F,  the objective function, to an in- 
finitesimal change in the value of the constraint gj. The 
specific direction of movement permitted in the x space 
when making the infinitesimal change in gj is that result- 
ing from staying in the tangent hyperplane to the line de- 
fined by holding all the other constraints at x ( 0 )  at zero 
and all the decision variables unchanged. This surface is 
a line since all but one degree of freedom, to perturb gj, 
is fixed. 

hjLS has a similar physical interpretation. However for 
X I L s ,  no decision variables are identified so a different 
second set of restraints provides us with the direction of 
movement. For kjLs, movement is in the unique direction 
resulting from projecting vgj into the tangent hyperplane 
to the surface defined by holding all other constraints in 
g K  at zero. 

Thus kj < 0 implies that, while holding all other con- 
straints, an infinitesimal move in the permitted direction 
to the interior of the feasible region of gj will result in an 
increase in F; constraint gj should be held. Conversely for 
kj > 0, g, should be released. 

Criteria for Using k ~ ~ ~ .  To partition the set I ,  Farris 
and Law (1969) suggested a trial-anderror procedure in 
which at each step the set D is tentatively partitioned into 
sets B and C. For each j E B ,  a different index set K is de- 
fined as K = J u C u i, and, for each set K, k~~~ is eval- 
uated. The set D is successfully partitioned into sets B 
and C, if, for each set K, the resulting kjLs > 0 while 
AcLS < 0. If the test fails for any j ,  a new partitioning of 

The partitioning Criterion. 
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Fig. 1. Two-dimensional linear system with infeasible gradient. Illus- 
trates physical interpretation of hi  and h2. 

D is proposed and the procedure repeated. 
Farris and Law’s procedure proved to be disappointing 

when applied to a ten-dimensional system that we shall 
discuss later. Each time a constraint in the set gB was 
added to the basis set gK, the signs of several components 
of AcLS changed sign, immediately invalidating the pro- 
posed sets. In fact, there appeared to be no assurance the 
procedure would even converge on satisfactory sets gB 
and gc. 

Murtagh and Sargent (1968) propose the following 
algorithm to partition the inequality constraints: 

i)  Normalize the gradients of all constraints. 
ii) Place all tight inequality constraints initially into 

the set gc; that is, let C = D and B = 4. 
iii) Let K = J u C and evaluate AKLs. 

iv) If any of the components of kKLs  corresponding to 
the constraints in set gc are positive, move the index of 
the constraint corresponding to the largest such component 
from the set C to B. Go to (iii) . Otherwise, stop. 

Murtagh and Sargent’s algorithm has one defect-it is 
not certain that the set C determined by the algorithm will 
be such that the negative of the final projected gradient 
-V,Lc will point into the feasible region of every con- 
straint in gB. It may happen that dropping a constraint 
index from the set C will have the effect that -VxLc 
points into the infeasible region of a constraint previously 
dropped from gc. This difficulty is illustrated by the two- 
dimensional example in Figure 1. Letting K = {1,2}, we 
evaluate k~~~ for this system and find that both compo- 
nents X I L s  and XzLs are positive. (One can use the geo- 
metric interpretation just stated above for hjLs to see this.) 
Suppose that X I L s  > XzLs, and we therefore drop 1 from 
the set C, giving us the negative of the projected gradient 
-VxL2. (If the gradients are normalized, it is obvious that 
X I L s  < XzLS in this two-dimensional example. We are at- 
tempting to show what might happen in a higher dimen- 
sional space by means of a two-dimensional example.) Let- 
ting K = {2}, we then compute X K ~ ~  and find that it is also 
positive. We therefore drop 2 from the set C, and C = 4. 
The negative of the projected gradient is now equal to 
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-V,F, which points into the infeasible region of gl. 
The criterion we shall adopt for partitioning the inequd- 

ity constraints using XKLs will be similar to Murtagh a d  
Sargent’s. Each time we drop an inequality constraint gj 
from the set gc, we shall include a check to see whether 
the new gradient - V x L ~  still points into the feasible 
region of the constraints previously dropped from gc. We 
do not have to test gj obviously. If it does, we proceed as 
in Murtagh and Sargent’s algorithm; if it does not, we 
put i back into set C and stop. We could at this point 
choose to drop any other constraint index i e C with a posi- 
tive component in XKLs (after i has been put back) and 
attempt again to reduce the size of C. Either approach can 
in principle lead to the solution. One can always release 
at least one constraint if any should be released. 

The following proposition states the conditions under 
which the negative of the projected gradient -V,LK is 
feasible with respect to all constraints in the set gB. 

Proposition 1. The projected gradient -V,LK is feasi- 
ble with respect to all constraints in the set g B  if and only 
if for all j c B 6j = V,LK * Vxgj 

Proof. - V x L ~  is the projection of interest since we are 
minimizing F .  Further, since we are writing the constraints 
as gj 6 0, - Q x L K  is feasible with respect to gj if and only 
if - V,LK and - V,gj are less than or equal to 90 degrees 
apart, that is, if and only if 6 j  

In Figure 1, for example, -V,L2 is feasible with respect 
to gl because V,L2 * V,gl > 0. However, -V,F itself is 
not feasible with respect to g1 because V,F * Oxgl < 0. 

Criterion Using XKCD. Abadie and co-workers (1969. 
1970) have used a partitioning criterion based on kCD. 
The indices for all tight constraints are first put into D. 
If one then partitions the variables so that the variables 
SD are included as decision variables, the components of 
kCD corresponding to constraints go obey the relationship 

0. 

0. 

ADCD = -v SD L (11) 

that is, these multipliers and the constrained derivatives 
with respect to corresponding slack variables are the nega- 
tive of each other. Partitioning is straightforward. Evaluate 
all and put the Xicu < 0, i c D, in set C and the rest 
into B. Note one does not have to worry about the effect 
of releasing more than one constraint on the signs of the 
other XicD. This result occurs because the si, being decision 
variables, are readily manipulated independently. 

DERIVING A SOLUTION PROCEDURE FOR (P3) 

Problem (P3) is an equality only constrained optimiza- 
tion problem. The strategy proposed here for such a prob- 
lem is to use a solution procedure that partitions the vari- 
ables x and sI into a set of nl + nJ + nc dependent vari- 
ables u and n - nJ - nc independent or decision variables 
v. An unconstrained optimization algorithm is used to ad- 
just only u while the equality constraints are satisfied at 
each step to give values to u and then F (  x) . For this ap- 
proach one requires in step 3 a method to derive a solu- 
tion procedure for a set of algebraic equations. 

Thus a principal requirement for the implementation of 
both the optimization algorithm of this paper and the 
feasible-point algorithm of the authors’ previous paper 
(1973) is the ability to solve efficiently a structured set 
of m L n equations in n variables. Rather than discuss in 
detail available methods for solving a structured set of 
equations, we shall refer the reader to pertinent sources. 
A survey of the available methods for determining a solu- 
tion Procedure for structured systems is given by DeBrosse 
(1972). A partial list of pertinent references includes the 
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following: Sargent and Westerberg (1964), Lee and Rudd 
( 1966), Rudd and Watson (1968), Ledet ( 1968), Christ- 
ensen and Rudd ( 1969), Christensen ( 1970), Westerberg 
and Edie ( 1971), Edie and Westerberg (1971), Kavorkian 
and Snoek (1972), Barkley and Motard (1972), Wester- 
berg ( 1972), Willoughby ( 1968), Rose and Willoughby 
(1972), Reid ( 1972), Director ( 1972), Erisman (1972). 
The references from Willoughby on describe procedures 
based on sparse matrix methods whereas the others stress 
tearing methods. Several of the references are from the 
NATO Institute on Decomposition held in Cambridge, 
England, in July, 1972. These will appear in the meeting 
proceedings edited by Himmelblau ( 1973). 

In step 111, a further refinement of the problem state- 
ment can reduce the number of modified solution pro- 
cedures required and reduce potential problems while 
taking a step with the unconstrained optimization algo- 
rithm. This refinement is to drop the equations sc = 0 
from the set of equality constraints and then to require 
the solution procedure to have variables SD (variables SB 
and sc) as decision variables. The dropped equations are 
readily enforced by externally setting the decision variables 
sc to zero. 

If one now discovers sj, i c B, becoming negative in step 
4 of the algorithm, a new solution procedure is not re- 
quired. The index i is moved to set C, and si, then being 
a decision variable, is held at zero. I t  is also simple to 
move an index from set C to set B. If it is convenient in 
the solution procedure, any of the SA variables which can 
be chosen as decisions would give the same advantage. 
Generally, however, n A  is much larger than the remaining 
degrees of freedom so not all the SA variables can be 
chosen. 

By choosing SB to be among the decision variables, 
movement by the unconstrained optimization algorithm 
into the feasible region ( SB 0) is easily controlled. Other- 
wise the unconstrained optimization technique can cause 
an immediate difficulty. Many optimization algorithms 
initiate a search for the minimum by perturbing each co- 
ordinate direction in turn. Figure 2 illustrates what can 

i 
I gl= 0 ,  SI = 0 

0 

Fig. 2. Two-dimensional inequality constrained system which illus- 
trates advantage of using slack variables as decision variables. 

happen as a result. If we wish to move in a steepest 
descent direction, it is obvious that both g1 and g2 should 
be released. Then if we perturb x1 to the point ‘a’ while 
holding x2 constant, we immediately enter the infeasible 
region of g2. Furthermore, if, as in the Powell algorithm 
(1964), we continue in the same direction until a mini- 
mum is encountered, we will stay infeasible for several 
more points. If we perturb x2 first, we will have the same 
problem with gl. Using s1 and s2 as coordinates overcomes 
this difficulty. 

The last and very useful advantage to choosing variables 
S D  to be among the decision variables is that a numerical 
estimation of hSDCD is straightforward because of relation- 
ship ( 11). By perturbing each si, i e D, one-at-a-time, one 
can approximate the hsiCD as 

A final comment is appropriate regarding the ability to 
derive and execute a solution procedure for a set of equal- 
ity constraints. If the constraints gJ are always satisfied, 
nJ variables of the original problem are effectively removed 

from the problem leaving a set we could call x. If numeri- 
cal estimates for the needed gradients are used, only ap- 
proximations to V t gI and v t F are then needed to esti- 
mate the Kuhn-Tucker multipliers 1 ~ ~ ~ .  The penalty will 
be the requirement that gJ = 0 must be satisfied for each 
point used in the approximations. 

A 

SELECTED APPLICATIONS OF THE OPTIMIZATION 
ALGORITHM 

In this section we shall apply the optimization algorithm 
to three examples. The first two examples hopefully will 
enable the reader to grasp the essentials of the algorithm. 
The last example will furnish an indication of the effec- 
tiveness of the algorithm for structured design systems. 

Example 1 
Minimize 

F 10x1 - 25x2 + 10x1~ + ~ 2 ’  + 4x1~2 

subject to 

1. -x1 + s1 = 0 

2. -x2 + s2 = 0 
3. x1 + x2 - 9 + ss = 0 
4. -x1 - 2x2 + 10 + s4 = 0 

Sls 82, ss, $4 1 0  
By applying the feasible-point algorithm for structured 

design systems, a feasible point was obtained in two steps 
at x1 = 0, x2 = 5. We can now find the minimum of F 
subject to the four linear inequality constraints listed 
above by applying the optimization algorithm, 

The figures in parentheses refer to the algorithm step 
being implemented. 

(I) ~ ( 0 ) ~  = [0, 51, the initial feasible point. 
(11) At x(O),  s1 and s4 are zero and s2 and s3 are greater 

than zero. If we use XKLs to partition, then the ini- 
tially proposed index sets are A = {2,3}, B = 4, 
and C = {1,4}. Index set K = C since J = 4 (no 
equality constraints). 

We evaluate the Kuhn-Tucker multiplier XcLS as 

AcLs = ( VzgCT Vzgc) -’ VtgcTVF 
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A4LS = 7.5 is the largest nonnegative component of 
AcLS so we move index 4 from C to B. Thus we have 

A = {2,3}, B = {4}, and C = (1). 

We again evaluate AcLS to get 

= -10 

Since AcLS < 0 and B contains only the constraint just 
dropped, we have successfully partitioned index set 1. 
(111) The solution procedure we derive must solve the 

following restricted problem. 

Min 

subject to 

10x1 - 25x2 + 10x1~ + xz2 + 4X1Xz 

- x1 + s1 = 0 

- x2 + sz = 0 

x1 + x2 - 9 + s3 = 0 

- x1 - 2x2 + 10 + s4 = 0 

s1 = 0 

We require s1 and s4 to be decision variables and 
could evolve the following solution procedure for the 
equality constraints. 

Decision variables s1 = 0, s4 

x1 = s1 

1 
(SP1) x2 = y ( -  x1 + 10 + 84) 

sz = q 
s3 = 9 - (x1 + x2) 

We augment this solution procedure with 

F = 10x1 - 25x2 + 10x1' + ~ 2 %  + 4X1X2 

and use these equations as input to an unconstrained 
optimization problem which is solving, in effect, the 
one dimensional problem 

Min F(s4) 

s4 

(IV) In solving we take the following steps 

Step s1 s4 XI x2 s2 s3 F 
0 0 0 0  5 5 5 - 1 0 0  

1 0 1 0 5.5 5.5 3.5 -107.25 

2 0 4 0  7 7 2 - 1 2 6  

3 0 10 0 10 10 -1 -150 

Case a now occurs; we find s3 < 0. We redefine the 
index sets 

A = {2}, B = {4}, C = {1,3} 

The new solution procedure found is 
Decision variables s1 = s3 = 0 

1cz = 9 - x1 - s3 

s4 = x1 + 2x2 - 10 

Sz = X2 

( IV) In solving we find 
Step ~1 ~3 XI X2 ~2 ~4 F 

4 0 0 0 9 9 8  -144 

No further steps can be taken since s1 and s3 are both 
required to be zero. Case c applies. 

Recalculating XcLS gives (x (0) = [0,9] ) 

XCLS = [;::I = [ - - 33 7 1  

Both multipliers are negative; an apparent minimum 
is found for the original problem. (We note the pro- 
jected gradient is 

at this solution point.) Exit with XI* = 0, x2' = 9. 
If we choose to use XcCD rather than kcLs, we would 

modify the steps taken somewhat. The more interesting 
case is to use numerical estimates for kCD. The algorithm 
steps would occur as follows. 

( I )  x T ( 0 )  = [0, 51, the initial feasible point. 
(11) Since D = {1,4}, derive the solution procedure 

where these are the decisions. This procedure prob- 
ably exists as the final one used to find the initial 
feasible point, We already have it as (SP1). Perturb 
s1 and then s4 in turn to get 
Step SI s4 XI x2 sz s3 F 

0 0 0 0 5 5 5 - 1 0 0  

1 1 0 1 4.5 4.5 4.5 - 54.25 

2 0 1 0 5.5 5.5 3.5 -107.25 

Then 

indicating s1 should be held and s4 released. (The 
choice of step size here is obviously too large.) The 
remainder of the algorithm proceeds similarly. 

Example 2 

subject to 
Minimize F = 24.55~1 + 2 6 . 7 5 ~ ~  + 39.00~3 + 40.50~4 

1. - 12.0~1 - 11.9~2 - 41.8~3 - 52.1~4 

+ 1.645 [0.28x12 + 0 . 1 9 ~ ~ ~  + 2 0 . 5 ~ ~ ~  + 0 . 6 2 ~ ~ ~ ] ' ' ~  

+ 21 + s1 = 0 

- 2.3X1 - 56x2 - l l . l x 3  - 1.3X4 + 5 + sz = 0 2. 

3. - x1 - x2 - x3 - x4 + 1 + s3 = 0 

4. - x1 + s4 = 0 6. - ~3 + ss = 0 

5. - x2 + s5 = 0 7. - x4 + s7 = 0 

s1, 82, S3r s4, 359 sf3 0 

Arbitrarily starting with x = 0, a feasible point was 
found at XI = 0.595, x2 = 0, q = 0.504, x4 = 0 via the x1 = s1 
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feasible point algorithm for structured design systems in 
three steps. The optimal solution of x* = [0.635, 0, 0,313, 
0.0523 was located in four additional steps using the 
algorithm in this paper. Inequality constraints 1, 2, 3, and 
5 are tight at the final solution point. This problem ap- 
pears on page 100 of Bracken and McCormick (1968) 
and was previously solved via different methods by Fiacco 
and McCormick (1964) and by van de Panne and Popp 
(1963). 

Example 3 
Minimize 
F E -0.063~4~7 + 5.04x1 + 0.035X2 + 10.00~3 + 3.36X5 

subject to 

1. - X I  + s1 = 0 11. X I  - 2000 + s11 = 0 

= o  
2. - x2 + s2 = 0 12. ~2 - 16000 + ~ 1 2  

3. - x3  + s3 = 0 13. x3 - 120 + ~ 1 3  = 0 

4. - x4 + s4 = 0 14. x4 - 5000 + S14 = 0 

5. - x5 + s5 = 0 15. XS - 2000 + ~ 1 5  = 0 

6. - Xg f 85 + Sg = 0 16. x6 - 93 + = 0 

7. - x7 + 90 + s7 = 0 17. X 7  - 95 + S17 = 0 

8. - ~8 + 3 + sg = 0 18. xg - 12 + S ~ S  = 0 

9. - xg + 1.2 + s g  = 0 19. xg - 4 + S1g = 0 

10. - X ~ O  + 145 + S ~ O  = 0 20. 

21. - [XI (  1.12 + 0.13167~8 - 0.O0667xs2)] 

- 162 + ~ 2 0  = 0 

+ 0.99x4 + 821 = 0 

22. Cxi(1.12 + 0.13167~8 - 0 . 0 0 6 6 7 ~ ~ ~ ) ]  

-1.01x4 + 822 = 0 

23. - C86.35 + 1.098~8 - 0 .038~2~  + 
0.325 ( x g  - 89) ] + O.99X7 + 8% = 0 

24. [86.35 f 1.098~8 - 0 . 0 3 8 ~ 8 ~  + 0.325(&3 - 89)] 
- 1.01x7 + S24 = 0 

25. 

26. 

27. 

28. 

29. 

30. 

31. 1.22 ~4 - - x5 = 0 

- [35.82 - 0.222%10] + 0.99xg + S25 = 0 

C35.82 - 0.222X101 - 1.0lXg 4- S26 = 0 

- [ -133 + 3x71 + 0.99Xio 

[ - 133 + 3x71 - 1.01X10 4- S2s = 0 

(322 + X5)  / X i  - X 8  = 0 

98OOOx3/ (X4Xg + 1000x3) - xi3 = 0 

827 = 0 

s1 through s28 0 .  

Applying the feasible point algorithm to an arbitrary 
starting point, a feasible point was obtained at [ 1468.0, 
16000, 65.48, 2528.2, 1616.4, 86.07, 92.18, 12, 3.59, 1451 
in eight steps. 

We summarize the results obtained via application of 
the optimization algorithm in Table 1. The minimum of F 
subject to the 31 constraints given above was reached in 
15 steps from the first feasible point. Note the constraint 
sets g B  and gc were altered eight times. Each time sets 
B and C are fixed the search is potentially infinite and 
the number of steps is a function of the unconstrained 
search technique used. No attempt was made here to be 
clever during these searches as it was found that new 

constraints were quickly encountered. 
The problem solved in Example 3 appears in Chapter 4 

of Bracken and McCormick (1968). It  represents an 
actual alkylation process as described by Sauer et al. 
(1964). Bracken and McCormick obtain a slightly lower 
minimum F ( x * )  = -1769. However, their optimal solu- 
tion is in violation of g27 by 0.46 units which indicates a 
probable error in their coding (Bracken, 1971), whereas 
the optimum calculated above satisfies g27 = 0. 

NOTATION 

A = index set, contains indices of constraints strictly 
satisfied at x ( 0 )  

B = index set, contains indices of tight inequality 
constraints which should be released at x (0) 

C = index set, contains indices of tight inequality 
constraints which should be released at x ( 0 )  

D = index set, contains indices of tight inequality 
constraints at x (0) 

E n  = n-dimensional Euclidean space 
F = objective function 
g = constraint functions 
i = simple subscript index 
I 

(Pl )  or (P2) 
i = simple subscript index 
J 

(Pl )  or (P2) 
k = simple subscript index 
K 

L = Lagrange function 
p = simple index 
s 
u = dependent variable vector 
u = decision variable vector 
x 
x 

= index set of all inequality constraints for problem 

= index set of all equality constraints for problem 

= index set for the constraints forming the basis set 
g K  used when evaluating Kuhn-Tucker multipliers 

= slack variable vector for problem (P2) 

= variables in original problem (Pl )  

= reduced set of variables if constraints a used to 
eliminate some of the original variables from ( P l )  
or (P2) 

A 

E/ = dependent variable vector 
z = decision variable vector 

Greek Letters 
Si = value of dot product of two gradients in Proposi- 

tion 1 
el, c2, e3 = appropriately chosen constants for measuring 

rate of progress in the optimization algorithm 
hCD = Kuhn-Tucker and Lagrange multipliers evaluated 

using the method of Constrained Derivatives 
hLs = Kuhn-Tucker and Lagrange multipliers evaluated 

using the method of Least Squares 
u = mathematical symbol for set union 

Vs = gradient operator, V,g = [ 21 ax; = g, ax is a Ja- 

cobian matrix (with row index i and column in- 
dex i )  

d, = the null set 
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Restricted Diffusion in Binary Solutions 

Diffusion coefficients of binary solutions can be measured accurately by 
observation at long times of isothermal diffusion in a vertical cell closed 
at the ends (restricted diffusion). The present analysis, which accounts for 
the effects of solvent flux and variable solution properties, demonstrates 
that the experiment yields a well-defined, differential diffusion coefficient, 
even in concentrated solutions. 

Observation is effected by Rayleigh interference optics, and results for 
aqueous potassium chloride solutions confirm the accuracy of the method. 

JOHN NEWMAN and 
THOMAS W. CHAPMAN 

Inorganic Materials Research Division 
Lawrence Berkeley Loboratory and 

Deportment of Chemicol Engineering 
University of California, Berkeley, California 

SCOPE 
Accurate values of diffusion coefficients of binary mix- 

tures, including their dependence on composition and 
temperature, are required to provide complete transport- 
property data (somewhat analogous to thermodynamic 
data like activity coefficients), to permit quantitative de- 
sign of separation processes like distillation and electro- 
chemical deposition, and to permit detailed comparison 
with theoretical results. Among theoretical results we have 
in mind, on the one hand, the treatment of simple systems 
where variable physical properties have been included in 
the analysis and, on the other hand, the theoretical pre- 
diction or correlation of transport properties on a molecu- 
lar basis such as the Debye-Htickel theory. 

For binary solutions of electrolytes, three methods are 
used to measure the diffusion coefficient: the magnetically 
stirred diaphragm cell, optical observation of diffusion 
from an initially sharp boundary, and (restricted) diffusion 
in a box of finite height with observation of the concentra- 

tion distribution by measurement of the electrical conduc- 
tivity at two positions in the box. The last method, devel- 
oped by Hamed beginning in 1949, appeals to the intui- 
tion because the maximum concentration difference in the 
system vanishes as the experiment progresses, and an 
absolute determination of the diffusion coefficient requires 
only the height of the box. 

One question we raise is just what diffusion coefficient 
is measured and is this complicated by the reference veloc- 
ity for the diffusion flux, the precise definition of transport 
properties for concentrated solutions, or the variation of 
physical properties with composition? 

Harned’s method is restricted to very dilute solutions of 
electrolytes because adequate resistance measurement with 
solutions of higher conductivity requires larger cell di- 
mensions where free convection becomes a problem. The 
second question is how can the method be extended to 
concentrated solutions? 

CONCLUSIONS AND SIGNIFICANCE 
An analysis of the restricted diffusion process shows 

that the measurement yields the differential diffusion co- 
efficient D at the final average concentration. This is the 
diffusion coefficient which appears in the flux Equations 
(13) (where Q can be set equal to zero) and is related to 
the fundamental diffusion coefficient D by Equation (15). 
D is equivalent to the binary diffusion coefficient DAB used 

T. W. Chapman is with the Department of Chemical Engineering, 

by Bird, Stewart, and Lightfoot. 
The analysis with variable physical properties gives a 

new form, different from previous results, for the correc- 
tion to the dominant behavior of the cell. This permits 
quantitative determination of the time after which this 
perturbation would become negligible. The detailed anal- 
ysis also permits one to estimate how much the height 
of the liquid column changes during the course of the 

University of Wisconsin, Madison, Wisconsin 53706. experiment due to volume changes on mixing (or diffusion). 
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